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Abstract 

We propose a useful method for deriving the effective theory for a sys- 
r~| , tern where BPS and anti-BPS domain walls coexist. Our method respects 

an approximately preserved SUSY near each wall. Due to the finite width of 
' the walls, SUSY breaking terms arise at tree-level, which are exponentially 

. suppressed. A practical approximation using the BPS wall solutions is also 

I discussed. We show that a tachyonic mode appears in the matter sector if the 

corresponding mode function has a broader profile than the wall width. 
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1 Introduction 



Supersymmetry (SUSY) is one of the most promising candidate for the solution to the 
hierarchy problem. When you construct a realistic model, however, SUSY must be broken 
because no superparticles have been observed yet. Thus, considering some SUSY breaking 
mechanism is an important issue for the realistic model-building. However, conventional 
SUSY breaking mechanisms are somewhat complicated in four dimensions jT|. 

On the other hand, the brane-world scenario, which was originally proposed as an 
alternative solution to the hierarchy problem |21IS1, has been attracted much attention 
and investigated in various frameworks. It is based on an idea that our four- dimensional 
(4D) world is embedded into a higher dimensional space-time^. The 4D hypersurface on 
which we live is generally called a brane, and it can be a D brane (a stack of D branes) 
in the string theory or a topological defect in the field theory like a domain wall, vortex, 
monopole and so on. Recently, in spite of its original motivation of solving the hierarchy 
problem, the extra dimensions are utilized in order to explain various phenomenological 
problems, such as the fermion mass hierarchy 0101111, the proton stability [HI, the doublet- 
triplet splitting in the grand unified theory |H] and so on. In particular, the brane-world 
scenario can provide some simple mechanisms of SUSY breaking. One of them is a 
mechanism where SUSY is broken by the boundary conditions for the bulk fields jHI-^ 

There is another interesting SUSY breaking mechanism, which utilizes BPS objects. 
They are the states that saturate the Bogomol'nyi-Prasad-Sommerfield (BPS) bound 
and preserve part of the bulk SUSY. By using the (BPS) D branes, for example, we can 
break SUSY in a very simple way. This mechanism is called pseudo-supersymmetry jT2| or 
quasi- supersymmetry In this mechanism, the theory has two or more sectors in which 
different fractions of the bulk SUSY are preserved, and all of it are broken in the whole 
system. One of the simplest examples is a system where parallel D3 brane and anti-D3 
brane coexist with a finite distance. (See FigO) Since each brane preserves an opposite 
half of the bulk SUSY, SUSY is completely broken in this system. A 4D effective theory 
for such a system can be derived by using the technique of the nonlinear realization for 
the space-time symmetries ^2] ■ 

In the field theoretical context, there is a similar SUSY breaking mechanism to the 
pseudo-supersymmetry. In this mechanism, SUSY is broken due to the coexistence of two 
BPS domain walls which preserve opposite halves of the bulk SUSY [HI CH II3 110] • There- 
fore, the corresponding field configuration is non-BPS. We will refer to such a non-BPS 
configuration as a wall-antiwall configuration in this paper. One of the main differences 
from the pseudo-supersymmetry is that the BPS walls have a finite width unlike the D- 
branes. Due to this wall width, SUSY breaking terms arise at tree-level in contrast to 
the pseudo-supersymmetry scenario where they are induced by quantum effects. In gen- 
eral, such a non-BPS configuration is unstable |T1]. However, we can construct a stable 
wall-antiwall configuration by introducing a topological winding around the target space 
of the scalar fields [T^ . 

^The original idea along this direction was proposed in Ref.0]. 
^Its basic idea was first proposed in Ref.jlOj. 
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Figure 1: The brane configuration of tlie pseudo-supersymmetry. 



Wlien you discuss tlie phenomenological arguments on tlie wall-antiwall background, 
we need to derive a low-energy effective tlieory on it. If we eliminate tlie auxiliary fields 
of the superfields at the first step, the procedure of integrating out the massive modes 
becomes very complicated [17J. In the case of the BPS- wall background, this complication 
can be avoided by keeping a half of the bulk SUSY preserved by the wall to be manifest, 
i. e. by expanding the bulk superfields directly into lower-dimensional superfields for the 
unbroken SUSY JH] • In the case of the wall-antiwall background, however, such a way out 
cannot be applied because there is no SUSY preserved in the whole system. Therefore, it 
is difficult to derive the effective theory on such a background correctly. In Ref . jlSj , only 
mass-splitting between boson and fermion in each supermultiplet is calculated with the 
help of the low-energy theorem [T?H I2()j.^ 

In this paper, we will propose a useful method for deriving the effective theory in 
the wall-antiwall system. To avoid inessential complications, we will consider three- 
dimensional (3D) walls in a 4D bulk theory throughout this paper. Our method respects 
the approximately supersymmetric structure near the walls, and the resultant Lagrangian 
is written by the 3D superfields and the SUSY breaking terms. We can calculate all SUSY 
breaking parameters systematically in our method. Using this method, we will show that a 
tachyonic mode appears in the effective theory from the matter sector if the correspond- 
ing mode function has a broader profile than the wall width. We will also provide an 
approximation method using the BPS wall solutions. This approximation is useful as a 
practical method because the BPS wall solutions can easily be found than the non-BPS 
ones. 

In the superstring theory, it is well-known that BPS D-branes can be described by the 
kink solutions in the field theory of the tachyon [25. In particular, a Dp brane and anti- 
Dp brane pair is described as a wall-antiwall solution in an effective theory on a non-BPS 
D(p + 1) brane |221- Thus, our method can also be used in the discussion of the tachyon 
condensation TS^ in the superstring theory. 

This paper is organized as follows. In the next section, we will provide useful expres- 

^Some other SUSY breaking terms were also estimated in R,ef.|15|. but they were only part of the 
whole terms. 
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sions of the 4D bulk action, which respect opposite halves of the bulk SUSY. In Sect 01 
we will consider the wall-antiwall configuration and derive the 3D effective theory. A 
practical approximation method is provided in Sect El In SectjSl we will demonstrate 
our method in an explicit example of the stable wall-antiwall configuration. We will also 
discuss the gauge interactions in SectjHl Sect His devoted to the summary and the dis- 
cussion. Notations and some useful properties of the classical background are listed in 
the appendices. 



2 Useful expressions of the bulk action 

We will consider the following Wess-Zumino model as a 4D M = 1 bulk theory. 

s = y^dWM^ i>$ + Jd^xd^e w{<i>) + jd^xd^e (i) 

where 

^{y^,e)=A{y^') + V2e^{y^) + e^F{y'') {y^" = x^" + iOa^e) (2) 

is a chiral superfield. 

Here, we decompose the Grassmann coordinates 6 and 6 as^ 

piS/2 _ -i5/2 

9'^ = -^(9^ + ^e'^), r = -^^e--ie'i), (3) 

where (5 is a constant phase. Corresponding to this decomposition, we also decompose 
the supercharges and Qa as 

g-i<5/2 _ gi5/2 
Qa= ^ {Q2a - iQla), Qa = -{Qa)* = -^{Q2a + iQla) ■ (4) 

Then, it follows that 

eQ + 9Q = e^Q^ + 02^2- (5) 
Under the above decomposition, the 4D M = 1 SUSY algebra can be rewritten as 

{Qla.Qip} = {Q2a,Q2l3} = 2 (7(^)(T^) P^, 

{Qla,Q2/3} = -{Q2a,Qll3} = {cT^) ^^P2. (6) 

This can be interpreted as the central extended 3D M = 2 SUSY algebra if we identify 
P2 with the central charge. 

Now, if we perform an integration for 6*2 in Eq.(^, we can obtain the following expres- 
sion [IHj. 

S = ydW^idx2 {D'^^^'^D.o.ip^'^ + Im (2^(i)52<^(') + 4:e-'^W{ip^'^)) } , (7) 



^The notations of 61 and 6*2 are different from those in Refs.|18|. 
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where 82 = 8/8x2, = 8/89f — «(7(5)6'i)a<9m is a covariant spinor derivative^ for 
Qi-SUSY, and 

if^^\x"',X2,ei) = e^i^i X A{x'^,X2) 

= A + e'"\a^)^pe'^m^ + '-el{82A + e'^F). (8) 

Throughout this paper, m = 0, 1, 3 denotes the 3D Lorentz index, and the a;2-direction is 
chosen as the extra dimension. The relation between 99*^^) and the original chiral super- 
field $ is given by 

^{y^',e) = e-^^^2^2e-^^2^i+^^2^V^^Ha;™, 2:2,^1). (9) 
On the other hand, if we perform an integration for 61, Eq.(^ becomes 

S = Jd^xd^92dx2 {D^^^^^D2a^^^^ + Im (2(^(2) ^^^{2) _ ^^-'^wi^^^^)) } , (10) 
where D2a = 8/862 — i{l^i,-^6i)a8m is a covariant spinor derivative for Q2-SUSY, and 

(^(2)(a;",x2,e2) = e^'*^' X A{x'^,X2) 

= A- ie''/\a%pe^^P + ^^2^(92^ - e^'F). (11) 

The relation between ip'^'^'^ and $ is given by 

From Eqs.(jni) ^"^^ we can obtain the relation between Lp^^^ and as follows. 

'{X ,X2,Ul) — '^162=0 — e V^' 16*2=0 

= ^^^\x"',x2 + teliei) (13) 

In fact, we can explicitly show that 

Id^^idxa {D'I {^^^Hx"", X2 - lOl -tO,)) D,^ (v^^'H^", ^2 + tOf, tO,)) 

+Im (2(^(2) (^m^ _ ^^2^ (v?('n^"> a;2 + 2^?, ^^^i))) } 

= /d^^2dx2 {d^^^''>D2.v>^'^ + Im (2^(2)5^^(2) j I ^ ^14^ 

and 

jd?ex<lx2 Im (e-^^Vr((^(2)(2,m^ ^ -^2^ -^^^^^ _ jd?e2dx2 Im (-e-'^M^(^(2))^ ^ ^^5) 

Namely, we can derive Eq.(ITU)) by substituting Eq. lfT^ into Eq.((7)). 

^Throughout this paper, derivatives for Grassmann variables are regarded as left-derivatives. 



4 



3 Wall- ant i wall system 



3.1 Classical field configuration 

Let us assume that the bulk theory (^J) has two supersymmetric vacua A = Ai and 
A = All, and that there exists a BPS domain wall configuration A = Acii(x2) which 
interpolates between them. That is, 

^cii(-oo) = Ai, Acii(oo) = All, (16) 

and Acii(x2) satisfies a BPS equation 

92^11 = e''W'{A,n), (17) 

where a prime denotes a differentiation for the argument, and 

5 = aTg{W{Aii)-W{Ai)). (18) 

If we take this value of S as that in the decompositions (jHl) and (jH), Qi and Q2 correspond 
to the unbroken and broken supercharges respectively. 

When the theory has the BPS domain wall Acn{x2), it also has the "anti-BPS" domain 
wall A = Aci2{x2)- That is, 

^i2(-oo) = All, ^12(00) = Ai, (19) 
and the BPS equation for Aci2{x2) is 

^2^012 = -e''W'{A,i2). (20) 

This anti-BPS wall preserves Q2-SUSY and breaks Qi-SUSY. 

Now we will consider a system in which the above two kinds of BPS walls coexist. 
Since the two walls preserve opposite halves of the bulk SUSY, All of it are broken in 
such a system. That is, a corresponding field configuration Aci{x2) is non-BPS. Unlike 
the BPS wall, such a non-BPS configuration is usually unstable |14j. However, we can 
construct a stable non-BPS configuration by introducing the topological winding around 
the target space of the scalar field A{x2) [IS]. We will discuss an explicit example of such 
a stable configuration in Sect El In the following, we will assume that the extra dimension 
(x2-direction) is compactified on with radius R. 

Furthermore, to simplify the discussions, we will also assume that the superpoten- 
tial W has the following symmetric property^. 

W'{A-Am) = W'{Am-A), (21) 

^This assumption is not essential for our method of deriving the effective theory. It is just a matter 
of convenience. 
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where = (^i + ^ii)/2 is a middle point between the two vacua on the target space. 
Under this assumption, the BPS and anti-BPS walls are located at antipodal points on 
S^, and Aci{x2) has the following property. (See Figl^lin Sect|Hl) 

d2Aci{x2 - ttR) = ±d2Aci{x2), 
W'{A,i{x2 - irR)) = tW'{A,,{x2)). (22) 

The upper signs in R.H.S correspond to the case of a stable configuration with the topolog- 
ical winding ^^1, and the lower signs correspond to the case of an unstable configuration 
with no winding ^3] . From now on, we will choose the origin of the coordinate X2 so that 
the (approximate) BPS wall is located at 0:2 = and the anti-BPS wall is at X2 = ttR. 

3.2 Mode-expansion 

First, we will consider the mode-expansion of (f^^^ in Eq.((Zj). The classical background of 
yp(i) is 

^'^\X2, 9,) = e^^«^ X Ael(x2) = A,1(X2) + {d2A,,{x2) + 6^' F,,{x2)) 

= A,,{x2) + U)l (d2A,,[x2) - e'W\A,,{x2))) . (23) 

Here we used the equation of motion for the auxiliary field F in the last equation. 
Similarly, the background of 

^2) = e^^«^ X A,i(x2) = A,,{x2) + \el (d2A,lx2) + e'W\A,,{x2))) . (24) 
The superfield equation of motion 

- ^52$ + IV'($) = (25) 
can be rewritten in terms of (y^^^^^ as JHI 

- \d\^^^'^ + %d2^^'-'^ - %e-'^W' {ip^"-^) = 0. (26) 

By substituting (p^'^^ = (p^J^^ + (f^^'> into Eq. (f2H|) and using the equation of motion for (p^J^\ 
we can obtain the linearized equation of motion for the fiuctuation field (p>^^^ as 

- ^Dl^^'^ + 182^^'^ - ie-''W'\ipf)(p'^^^ = 0. (27) 

Let us denote the component fields of (f^^^ as 

(^a) = a«+^iV^« + i^2^«. (28) 
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Then, we can obtain the following linearized equation of motion for tp^^ by picking up 
linear terms for 6i from Eq.(j2Z|). 

- ^ (7(?)5m^^'0„ + ^ {^2^^'^ - e-''W"{A,,)ijj^^} = 0. (29) 

Therefore, the mode equation for ip^^ can be read off as 

^ {^2^2 - e-^^H^"(Ae,)«[;5} = m(„)t.« , (30) 

where m(„) are eigenvalues. Note that this has a very similar form to that of the BPS-wall 
case PH]- The only difference is that the argument of W" is a non-BPS configuration A^, 
instead of A^i. On the other hand, the mode equation for a^^^ receives more corrections 
than that for tjj^'^ when you change the background from the BPS one to the non-BPS one. 
Therefore, it is convenient to use the mode functions of ip^'^ in the following derivation of 
the 3D effective theory. 

To simplify the discussion, we will consider a case that Aci{x2) and all parameters of 
the 4D bulk theory are real. In this case, S = ^ and the mode equation can be 
rewritten as 

{-(92 + W^"(v4ci)}Mr(„) = m^n)Ul(n), 

{82 + W"{Ad)}Ui^n) = fn(n)UK{n), (31) 

where MR(n)(a^2) and Mi(n)(a;2) are defined by 

«{n) = ^(^RW + ^^iw)- (32) 
Using these mode functions, ipa^ can be expanded into 3D fields as 

oo 

V'a Ha;"", ^2) = {uR{n){x2)lpR{n)a{x'^) + (a;2)V^I(n)a (a:™)) • (33) 

Here, note that the mode equation (j3T|l has two zero-modes, 

«R(o)(x2)=C7oer^^^"(^^'(^)), 

«i(o)(x2)=Coe-/:>'^"(^-(^», (34) 

where Cq is a common normalization factor. The corresponding fields V'r(o) and ipi^o) are 
the goldstinos for the broken Q2- and Qi-SUSY, and localized on the (approximate) BPS 
and anti-BPS walls, respectively. Therefore, it is convenient to introduce the following 
3D superfields. 

(^g](x™,0O = aS;](x™) +^iV^R(o)(x™) + ^elfli^ixn, 

<^g;(x™, 62) = ag](x"^) + 92iJm{xn + loift)i^n- m 

^There is another possibility that S — tt, but it can be reduced to the case of (5 = by the redefinition 
of the coordinate: X2 X2 + 7ri?. 
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Considering Eqs. lfT^ and (jHSl), the mode-expansion of the fluctuation field ip^-^^ can be 
expressed as 




+ (massive modes). (36) 

Strictly speaking, the bosonic component of this expression deviates the correct mode- 
expansion because we used the mode functions of ^2'^- However, this deviation is negli- 
gibly small when the distance between the walls is large enough^ On the other hand, the 
massive modes cannot be well described by using 3D superfields because they have broadly 
spread profiles along the a;2-direction and thus receive large SUSY breaking effects. 



3.3 Derivation of 3D effective theory 

In the following, we will concentrate ourselves on the low-energy region where all massive 
modes are decoupled, and will drop them from expressions. By substituting the expression 

+ i= {MR(o)(a;2)<^[;j(x"^,^i) + ni(o)(x2 + z^?)<^g](x™, z^i)} (37) 

into Eq.((7j) and carrying out the a;2-integration, we can obtain the 3D effective theory. 

A zero-th order term for the fields, i.e. the cosmological constant term, can be calcu- 
lated as 

4^,) = Jd%dx, {Dr^(|)D,„^« + Im(2^(|)a2^«+4iy(^(|)))} 

= - y'dx2 {{d2A,,y + iW'iA,i)f} = -Vo, (38) 

where Vq is an energy (per unit area) of the background field configuration Aci{x2). 
Linear terms for the fields are cancelled due to the equation of motion for (p^^^ . 
Then, we will calculate quadratic terms for the fields. 

41d = Id%dx2 {D^r - 2Im (92r^-iy"(v.i!^)^(^)))} 

-V {fiiUt) + ^"^^S^-^SoJ) - l< ("(i) - «(o))' ' (39) 

where rj = J dx2 ^iR(o)'Wi(o) is a dimensionless number, which is exponentially suppressed 
in terms of the wall distance ttR, and the scalar mass parameter ttiq is defined as 

ml = -Jdx2 W"'{AMoul^,^ = Jdx2 W"'{A,,)U^ou!(^o) 

= ydX2 W'"{A^i)UioU k^o)U^o) = - jdx2 Vr"'(Ai)f/RoMR(o)Mi(o), (40) 

®In the BPS wall limit, the mode functions of bosonic and fermionic zero-modes approach to a common 
function. 
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Here, we have used the formulae Eqs. lfT^ and (fl3|). and the functions t/Ro(a;2) and Uio{x2) 
are defined as 

Ujoix2) = 92Al(x2) - W^'(Ai(x2)), (41) 

which are contained in (pl^^ and (f^^^ as 

^'^\x2,e,) = A,,{x2) + '-elUio{x2), 

^^(^2,02) = A,,{x2) + '-elUno{x2). (42) 

Note that Ujio{x2) and Uio{x2) satisfy the mode equations (pTTjl with m(n) = 0, and are 
related to MR(o)(a;2) and u^q){x2) as 

Uro{x2) = \A^MR(o)(a;2), Uio{x2) = Mi(o) (3^2) • (43) 

Equalities in Eq. ()4()|1 are followed from this relation and Eqs. fll28p and p32p in Ap- 
pendix IbI 

From Eqs. ()38p and the bosonic part of the 3D Lagrangian 

£(3) 

IS 



41„io = -vo -><.!;!. s""'^'^^' 



(1) 




+ (interaction terms). (44) 



Then, canonically normalized scalar fields are 

«+(o) 



For the auxiliary fields, we redefine them as 



/+(o) = \j {f(0) + f{0)) 



/_,„, . ^i±^ (/« - /;|) . (46) 

Using these fields, Eq. ljl^ can be rewritten as 

^(3) -"-am a ^ am o 1 / 2m^ \ 2 

-^bosonic = -VQ- -o a+(o)Cma+(o) - -o a_(o)Cma_(o) - - I I '^-(o) 

+ ^/+(o) + ^/-(o) + (interaction terms). (47) 
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Notice that the massless mode a+(o)(a;™) is the Nambu-Goldstone mode for the trans- 
lation along the X2-direction. In fact, the mode function of a+(o)(a;'") is 

'2{l-r]) ^ ' 



^ (f/Ro(x2) + Uiq{x2)) = \ T-^^ d2A,,{x2). (48) 



/2(1 - 7])Vo V (1-^)^0 

This mode function is correctly normalized as expected. 

fdx2 ^'+(0) = 1. (49) 

We can calculate interaction terms in a similar way. For example, cubic couplings are 
obtained as 



41c = /d^^idx2 41m{iiy'"(v.«)^^^ 

= ^111 (a(J]) + ^112 (a(J)) 0(0) + ^1220(0) (a^^^ + A222 (a^^^ 



+ - ^R(o)^i(o), (50) 



where 



^111 = ^ JdX2 iy"'(Ael)f/loMi(o), 

^112 = ^ ydX2 |vr"'(Al)M|(o)a2«i(o) + ^l^""(Ael)[/lo«^(o)Ml(, 
^122 = ^ ydX2 |vr"'(Al)4o)'92MR(0) + ^ W^""( Al) f/R0Ml(0)MR(0) 

A222 = ^ /dx2 W"\A,,)Unouf(^o), (51) 

5'(-RI) = - /dX2 Vr'"(Acl)MR(o)Ml(0) = /dX2 W"(Aci)Mi(o)Mr(o). (52) 



The second equality in Eq. (jH^ is followed from the relations (jlSl), ()128j) and ()1H2|1 . 

The "A-terms" for Am and A222 correspond to Eq.(3.3) in Ref.^lSjl, but terms for 
Au2 and ^122 were missed there. 

Notice that the above cubic couplings are all SUSY breaking terms. In fact, we can 
easily show that there are no supersymmetric couplings in the effective theory. This stems 
from the assumption that Ac\{x2) and all parameters in the bulk theory are real. As will be 
seen in the next section, supersymmetric interaction terms appear in the effective theory 
if we introduce a complex coupling constant in the bulk theory. 

The existence of the last Yukawa coupling term in Eq. ()50|) is expected from the low- 
energy theorem 1^ . which predicts the relation among the Yukawa coupling con- 
stant g(-Ri), the mass-splitting between the bosonic and fermionic modes rriQ and an 
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order parameter of SUSY breaking ^/VQ as 

9i-m = % (53) 

This relation can easily be seen from Egs- PUj) . and in our approach. 
3.4 Matter fields 

In order to construct a more realistic model, we need to introduce matter fields, which do 
not contribute to the domain wall configuration. Here, we will introduce an extra chiral 
superfield X as matter fields whose interactions are given by 

WU^.X) = |W^"(<I>)X2 + (3X\ (54) 

where constants a and j3 are positive and complex, respectively. The first term in Eq.(|54j) 
is required in order to localize the lowest modes of X on the walls, and the second term 
provides interactions among the matter fields, which are important when we discuss the 
phenomenology^. The component fields of X are denoted as 

X{y, 6) = Ax{y) + V2e^x{y) + e^Fx{y). (55) 

We will assume that Ax{x) does not have a nontrivial background, i.e. Axc\ = 0. The 
corresponding field to (y?^^-* in Eq.® is 

</.?(x"^,X2,^i) =e^^«^ X Ax(x"^,X2) 

= a!^)(x"^,X2) + ei^?(x'",X2) + i^?/i'^(x™,X2). (56) 

The mode equations for the fermionic component ip^xa can be obtained in the same 
way as the derivation of Eq. ljHlj) . 

{-^2 + aW" {Ad)} U^,x{n) = mx{n)UlX(n), 

{82 + aW"{Acl)}Uix{n) = mx(n)URX{n), (57) 

where mx{n) are eigenvalues. Using solutions of these equations, ifj'^xa t)e expanded as 

'^x\i.^'^^^2) = {uKX{:n){x2)^K{n)a{x'^) + ^^ilX(n) (3^2) V'l(n)a (a^™) } • (58) 

V ^ n=0 

From Eq. ()57|l . we can see that there exist two zero-modes whose mode functions are 

«RX(o)(x2)=Cxe"/o"^^^"(^-(^)), 

nix(o)(x2 ) = Cxe-"&^"(^-(^)), (59) 

^Proliferation of the matter fields is straightforward. 
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where Cx is a common normalization factor. 

Following Eqs.(jnSI) (jSHl), we can see that ipx^ can be expanded approximately as 

= ^ {MRX(o)(a;2)v5%)(a;'^,^i) +Mix(o)(a;2 + «^?)'^x(o)(^"''^^i)} 

+ (massive modes), (60) 

where 

V^?(o)(^™, ^2) = a%^ixn + e,^,xio){xn + lelf%^{xn- (61) 

Then, after the massive modes are decoupled, we can obtain the effective Lagrangian 
for the matter fields by substituting Eq. (jfiOj) into the original 4D Lagrangian and carrying 
out the X2-integration. 

The quadratic part for the fields is 

4uS = li% \ [Dif'iUy + / i {D2'/xUf - 1>' (/x(o)/x(0) + 9"'4io)am«io)) 



■^X(O) 



where 

VX = ydx2 Mrx(0)MiX(0), 

= -a Jdx2 W"'{AMoulxio) = « Jdx2 W"'{A,i)Unou!x(o), (63) 
Am^ = a Jdx2 W"(Ai)t^ioMRx(o)Mix(o) = -« Jdx2 W"'{Aci)U^oUrx{o)Uix{o)- 
From Eq. ()62|) . the mass eigenstates of the scalar fields are 



_ / 1 + ?7X / (1) (2) \ 

ax+io) = \ — - — [axio) + '^x{o) ) 



«x-(o) = Y — («x(o) - «x(o)) ' (64) 



whose mass eigenvalues are 



mx+ 



l + Vx 



m\ =!!i±^. (65) 
1 - 
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For different values of a, the mass spectrum of the scalar modes has different features. 
First, let us consider the case of a ^ 1.^° In this case, u^x(o){x2) has a sharp peak around 
X2 = and can be well approximated there by the following Gaussian function. 



ab „2 



urx{o){x2) — Cxe 2 ^'2^ (^in the neighborhood of X2 = 0.) (66) 

where h = —W"'{Ac\{0))d2Ac\{0)}^ This means that the normalization factor Cx is 
estimated as 

C.^("4Y\ (67) 



71 



Therefore, we can approximate urx(o)(2;2) as 

As a result, we can clarify an a-dependence of Amj^ as follows. 



TC 



Here we have used the formulae p28|l and ()129|1 in Appendix |Bl From this expression, 
we can see that the absolute value of Am^ decreases exponentially as a increases. 
On the other hand, m'j^ increases linearly as a grows up^^. 

~ -aW'"{A,i{Q))Uio{0), (when a > 1) (70) 

because Mrx(o)(^2) can be approximated by 6{x2) when a is large enough. 

From Eqs.(jnni) and (fTOj) . we can conclude that the two lightest modes axdz(o) become 
almost degenerate with a large mass eigenvalue compared to ttiq in Eq. ()40|) in the case of 
a > 1. 

In the case of a = 1, the mode equation (j57p has the same form as Eq. (j3ip . As a 
result, rrix = Am'j^ and a massless scalar besides the NG mode a+(o) appears in the 3D 
effective theory. 

As we will see in SectlHl in the case of < a < 1, it follows that < |Am|^| and 
thus there appears a tachyonic mode in the effective theory. This means that the classical 
background {A, Ax) = (Aci(x2),0) is unstable. 

In the case of a = 0, both and Am^ become zero, and thus both scalar modes ax±(o) 
are massless. This is a trivial result because SUSY breaking in the $-sector is not trans- 
mitted to the X-sector at tree-level in this case. 



"'^"a 3> 1 does not necessarily mean the strong coupling region. For example, see the comment below 

Eq.ijnni- 

^^From the assumption that 6 — 0, we can show that 6 > 0. 

"'^^We can show that R.H.S. in Ea. (|70|l is positive from the assumption that (5 = 0. 
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Next, we will consider interaction terms. They are calculated just in a similar way 
to the derivation of Eq. ljSnj) . The interaction terms among the matter fields, which come 
from the second term of Eq. ljMjl . are as follows. 



where 



(3)m 
cubic 



eflfl 



X 
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d'^1 /3cffl (^?(0))' + /3eff2 (^?(0) 



-(exiRe/3)a^jQ)V^RX(o)V^ix(o) 

(1) ^(2) .(2) 



(2) 
X(0) 



X(0) V^RX{0) 



(0)^X(0)JX(0) 



(ex2Re/5)aJjQ)?/'Rx{o)^ix(o) 



Im/3 
1 

Re(3 

7f 



12 



,(1) y,{2) 



122 



,(1) 



,(2) \2 (1) 



X(0) VlX{0) 



x(o) v^(o) y 



y ■1X2 '"rX(O) ' /^efr2 
dX2 Mrx(0)"IX(0), 

/da;2 Mrx(o)^2Mix(o) 



Im/3 



ex2 



1 

71 



•^122 — 



dx2. Uix{o)y 

dX2 MrX(0)Mix(0)5 

Re/5 



(71) 



^ Jdx2d2UKX(o)Uix(Q)- (72) 



The first line of R.H.S. in Eq. ()71|) represents supersymmetric interactions, which were 
absent in Eq. ()50|l . and the remaining terms are SUSY breaking terms. 

The interaction terms between the "wall fields" and the matter fields, which come 
from the first term of Eq. ljH^ . can also be calculated in a similar way. 



4 BPS-wall approximation 

In this section, we will provide a useful approximation for the derivation of the 3D effective 
theory^^. Since the BPS equations (fTTjl and (jSDI) are first order differential equations, 
finding the BPS wall solutions Acii(a;2) and Aci2(x2) is easier than finding the non-BPS 
configuration Aci{x2), which is a solution of a second order differential equation. So it is 
a practical method to approximate Ac\{x2) by using ylcii(2;2) and Aci2{x2)- 

For example, let us derive an approximate expression of Uio{x2) defined in Eq. (PT|) . 

Notice that Aci{x2) is well approximated as follows^^. 

W N ; ^cll(X2) (-^<X2<^) 

AJx2) ^ { ^ / p ^ ; T,\ (73) 

^ ^ ^ Ad2(x2 - nR) (f < X2 < ^) ^ ^ 



-'^^A method wc will provide in this section is essentially the same one as the "single- wall approximation" 
proposed in Ref. 15 , but it was used only to estimate the mass-splittings between bosons and fermions. 
Here, we will show that it can be applied to the estimation of all parameters in the effective theory. 

^'^Locations of the walls are taken to be at 0:2 = in the definition of Acn{x2) and Ac\2{x2)- 
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Then, using the BPS equation ((201), 

Ujoix2)-2d2A,,2ix2-nR), (74) 

in the region of 7cR/2 < X2 < 37cR/2. 

On the other hand, from Eqs. ljH^ and PHj) . f/io(x2) can be written as 

From Eq. ()74|l . the constant factor Uio{ttR) is estimated as 

UioiirR) ~ 292Aei2(0). (76) 
Thus, in the region of —ttR/2 < X2 < 7ri?/2, Eq. (|75|) is approximated as 

^ 292Aci2(0)e2r'''''iJ'^"(-^^'i(^)) . e-r<i^^"(^^'i(^)). (77) 



Here we have used Eq. fll30|) in Appendix iBl 
Consequently, we can approximate f/io(x2) as 



fTvR/2 

I 9-4„ A ,„mu^.; 

^io(a;2) 



292^12(0)6^^ . g-/-d,H/"(A,,fe))^ < 0:2 < f ) 

292Ael2(x2 - TtR). < X2 < ^) 

(78) 

An approximate expression of U^_o{x2) can be obtained in a similar way. 



f^Ro(a;2) 



292^^11 (0:2). {-f<X2<f] 

2a2Adi(0)e2/cr'''^^^"(^-(^» ■ e/:«^^^"(^-(^--^)), (f < 0:2 < ^) 

(79) 

Note that these expressions are continuous at X2 = ±ttR/2. 

The energy (per unit area) of the configuration Vq can be well approximated by the 
sum of the tension of the two BPS walls. 

Vo^ Jdx2 {{d2A,ii? + {W'{A,n)?}+ Jdx2 {{d2A,i2f + {W'{A,,2)y} 

= 2 Jdx2 {{d2A,n? + {W'{A,n)?} • (80) 

From these expressions, we can also obtain approximate expressions of the mode func- 
tions MR(o)(a;2), ui{o)ix2), UKx(o)ix2) and Mix (o) (2^2) through Eqs.dlH} and Hence, 
using all of them, we can calculate all parameters of the 3D effective theory with high 
accuracy. 
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Figure 2: The target space of the scalar field A. The lines at KeA = ±71 A/ g are identified 
with each other. The SUSY vacua are A = ±.TxA/{2g). 



5 Example of wall-antiwall configuration 

In this section, we will provide an example of the wall-antiwall configuration in a specific 
model, and demonstrate exphcit calculations discussed in the previous sections. The 
model we consider here is the following sine-Gordon type model jl5j . 



£ = $$1,2^-2 + iy(<l')|e2 + h.c., = ^ sin (^1$) , (81) 



where a scale parameter A has a mass- dimension one and a coupling constant g is dimen- 
sionless, and both of them are real positive. The bosonic part of the model is 



■^bosonic 9^ Ad nA — 

9^ 



cos ( j^A 



2 



^2) 



The target space of the scalar field A has a topology of a cylinder as shown in Fig|21 This 



model has two supersymmetric vacua at A = ±^ , both lie on the real axis. 

There are BPS and anti-BPS walls interpolating these two vacua. The BPS wall 
solution is 

Acii(x2) = ^{2tan-ie^^^-^}, (83) 

which interpolates from the vacuum at = — ^ to the one at An = ^ as y increases 
from y = — oo to y = oo. The anti-BPS wall solution is 

Aci2(x2) = ^ |-2tan-i e-^^- + , (84) 
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which interpolates from An = ^ to Aj = ^^(= ~^)- Thus, a field configuration 
corresponding to the coexistence of these walls will wrap around the cylinder of the target 
space of A as X2 goes around S^. Such a topological winding ensures the stability of the 
configuration. 

Indeed, there is a solution of the equation of motion, 

df'd^A + y sin cos (^^A^ = 0, (85) 

which corresponds to the wall-antiwall system. That is, 

Ac\{x2) = ^am (-^X2, , (86) 

where is a real parameter and the function am(M, k) denotes the amplitude function, 
which is defined as an inverse function of 

= / . ■ (87) 
-'o VI - sm^ 9 

For k < 1, Aci{x2) is a monotonically increasing function, and has a desired topological 
winding number. The parameter k is related to the radius of the compact space R through 

Ak 

27iR=—K{k), (88) 

where K{k) is the complete elliptic integral of the first kind. In the case of 2ttRK ^ 1, 
in other words, when the configuration A(.\{x2) can be regarded as a wall-antiwall system, 
the parameter k is close to one, and can approximately be written as 



~ \/l - IQe-^^^. (89) 

A profile of Ac\{x2) is shown in FigOl 

Solving the mode equation ()31|) for this background, we can obtain the normalized 
mode functions of the zero-modes as follows. 

uk(q){x2) = -Y-lfr (^^ fr^s, k] + ken {^^2, k 



Vq\. \k ' J \k 

ui(o)ix2) = gj^^ {^"^ ("^^^' ^) ~ ("^^^' ^) } ' ^^^"^ 

where functions cn{u, k) and dn{u, k) are the Jacobi's elliptic functions. The profiles of 
these mode-functions are shown in FigEJ With these expressions, we can calculate all 
parameters of the 3D effective theory by using the formulae ()40j). (j3T|) and ()52|). 

As discussed in Sect ]3. 41 we can introduce matter fields localized on the walls. Let us 
introduce a matter chiral superfield X in the 4D bulk theory, and assume an interaction 
to the "wall superfield" $ as 



W,^,{^,X) = -W"i^)X' = --Asin ) X\ (91) 
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where a dimensionless constant a is positive. 
The field configuration 

A /A 



9 

AxAx2) = 0, (92) 

is a static solution of the equation of motion. Solving the mode equations (j57jl for this 
background, we can obtain the mode functions of the zero-modes for the matter fields as 
follows. 

Urx{o){x2) = Cx ^dn(^^X2,k^ +kcn(^^X2,k^^ , 

uix{o) ix2)) = Cx |dn (j:X2, - ken (j:X2, k^ | , (93) 

where Cx is a common normalization factor^^. Then, the 3D effective theory in this case 
is 



„/'f(l)f{2) , om^(l);. ^(2)\_^ //-(I) .(2) , nm„(l) Q „(2) \ 

'/ \J{0) /(O) + ^ "(0)'^m"(0) ) 'IX \Jx{0)Jx{0) "t" " "X(0)^m"x(0) ) 

_1^2 / (1) _ (2)\2 1 2 (1) ^2 , / (2) ^2\ A 2 (1) (2) 

+ (interaction terms), (94) 
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The definition of Cx here is different from that in Ea. H59|l by a factor of (1 + fc)". 
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Figure 4: The profiles of tfie mode-functions UR(o)(a;2) and u^o){x2] 



where 



1 



rrin 



2k^ 
A2 



-AMI 



X 



Arrix 



a— - A; 

rC 




X2,k] + ken ( — X2, A; 



2«-l 



Vx 



(95) 



Vo g^k^' 

From these expressions, we can obtain the mass eigenvalue of a_(o) defined in Eq. (j45j) as 

1-e 



2ml 
1 — 1] 



A;2 



(96) 



This coincides with the result of Ref . J3] . 

Fig|31 shows the ratio m^/Am^ as a function of a. From this plot, we can see that 
< |Am^| in the region of < a < 1. This means that a tachyonic mode appears in 
the effective theory, and the classical background (j92j) is not stable in this region. 

In the case of a > 1, the background is stable since > |Am^|. Here, note that a 
itself is not the coupling constant between $ and X. Indeed, IVint in Eq. (PT|) is expanded 
as 

WU^,X) = -^<!>X^ + ---, (97) 



($,X) = -^$X2 + ..., 

where ellipsis denotes higher dimensional operators suppressed by the scale A. Thus, the 
true coupling constant is ag/2. Therefore, the large value of a does not represent the 
strong coupling region as long as ag/2 is small. 
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Figure 5: The ratio m^/Am^ function of a. 



In this model, an exact solution (jHH|l is known. In general, however, it is not easy to 
find such a non-BPS solution because we must solve a second order differential equation. 
On the other hand, BPS wall solutions can easily be found at least numerically since 
the BPS equation is a first order differential equation. As we explained in the previous 
section, we can calculate the parameters of the 3D effective theory with high accuracy by 
using only the BPS wall solutions Acii{x2) and Aci2{x2). For example, an approximate 
expression of Uiq{x2) can be obtained from Eq.lfTHj) as 



Ulo{x2) 



cosh(Aa;2) 
g cosh^(7ri?A/2) 



2A2 



g cosh{A(x2 - ttR)} V 2 



ttR 7tR 

< X2 < 

2 2 



/TiR SnR 
' — <X2< — — 



(9^ 



Um{x2) and the mode functions can also be approximated in a similar way. 



6 Interaction with the gauge supermultiplet 

In this section, we will derive the 3D effective theory including a gauge supermultiplet. 
For simplicity, we will discuss an abelian gauge theory. An extension to the non-abelian 
case is straightforward. Let us introduce a vector superfield V{x^, 6, 9) in the 4D bulk 
theory. In the Wess-Zumino gauge, its component fields are denoted as 

e, 9) = -ea^Ov^ + ioWx - io^ex + ]-e^e^D. (99) 



20 



When we consider interactions with fields locahzed on the BPS wall Acn{x2), it is 
useful to expand V{x^, 9, 6) as [18] 

V{x'',e,e) = e'''''^'{e2p'^^\x"',x2,e^) + ela^'^{x'^,x2,e^)], (loo) 

where 

P^^\x^,x2.e,) = -t {i'^^)e,)j,^-el\,^, 

(T«(a;'", ^2. ^l) = -V2 - 9lX2 - \elD. (101) 

Here, 3D Majorana-like spinors Ai and A2, which still have the X2-dependence, are defined 
by the decomposition/^ 

i6/2 

A" = -^(A^ + ^A?). (102) 

Using the 4D gauge transformation, we can eliminate the 3D scalar V2 except for its 
zero-mode f 2(0) 



In this case, the 4D superfield strength Wa = —jD'^DaV can be written as 



Wa{y^, 9) = __e^s/2^-e^e,^,^-^e,D,+iep, {u^^)^^n^^ ^ zu;«(a;'™, X2, ^1)} , (103) 

where u^^^ and w^^-* are 3D gauge invariant quantities and defined as 



M«(a;™,a;2,^i) = e^^«^ x A2„ = D,^a^^^ + d^p^^^ 



= \2a - 01aD + t (7[^)^l)^t;„2 + ^1 (7[^)'9™A2)^ - d^Xla] , 

^«(a;-,X2,^i) = e^^«^ x A^. = iz^?p« + (7(?)5^P«)^ 

= Ai„ + {irs)^i)^Vmn - \Q\ (7(?)'9™Ai)^ . (104) 

Here, Vp,y = d^v^ — d^v^ is a 4D field strength. 

Similarly, when we consider interactions with fields localized on the anti-BPS wall Ac\2{x2)-, 
the following expansion is useful. 

V{x^,e,e) = e'^'^'"^ {-Qrp^^\x'^,X2M)^Q\o'^'-\x"'.X2.Q2)). (105) 

where 

pi2)(a;™,X2,^2) = [l'(h)Q^Jm-Ql\2o.. 

a^^\x"',X2,e2) = -V2 - ^2Ai - ^elD. (106) 



^^The notations of Ai and A2 are different from those in Ref.|18|. 
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In this case, Wa can be written as 



where u"^ and w^^^ are another 3D gauge invariant quantities, and defined as 

= Ai„ + e^o^D - % (7(^)^2)^ t;m2 + ^2 te-^^Ai)^ + 92A2a} , 

^(2)(x-,X2,^2) = e^^^^ X A2„ = ^/^^Vi^) + \ [llM"^)^ 

= \2a + (7(S)"^2)^ t^rnn " ^^2' (7(^)'9™A2) ^ . (108) 



The kinetic terms for the gauge supermultiplet can be rewritten in terms of u^^-* and 



w^}\ I.e. 



p^^ and a^^\ as 



S^.^ = ydWe ^W^W^ + h.c. 

= Jd'xd% i {(m«)2 - (^i;«)2} . (109) 

Here we have assumed a minimal gauge kinetic function, for simphcity. 

Similarly, Eq. (|l(J9p can also be rewritten in terms of u^^ and i.e. p'^^ and a^'^\ 

as 

sL = ld'xd%l{iu(^yr-iw^'yr}. (no) 

In this case, the mode-expansion of the gauge supermultiplet is trivial. That is, 

P«"(x-,X2,^i) = ^pS"(x'",0i) 



E ^ {cos ^ ■ p«:)(-™ ^0 + - ^ ■ ^^)} 



t ' {cos !f . eiCx". ft) + s,u !|1 . ft)} . 



(Ill) 



The mode-expansions of p*^^^" and cr*^^^ can be done in a similar way. 

Next, we will consider the gauge interaction with the matter field X. In the 4D bulk 
theory, it is written as 

sLuer = jd^xd'ed'exe'^^'x, (112) 

where g is a gauge coupling constant. 
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Notice that the abehan gauge symmetry should be represented as an SO {2) symmetry 
in our case since 3D superfields are real. Thus, the vector superfield V discussed so far 
should be understood as a 2 x 2 matrix, 



where Vr is a real vector superfield. The matter superfield X should be understood as a 
2-component column vector whose gauge transformation is 



where A is a transformation parameter, which is a chiral superfield. 

Then, by substituting Eqs.© and (jlOOj) into Eq. ()112|) and carrying out the 6'2-integration, 
the following expression can be obtained. 



-^matter = Jd^xd'O^dx, {z^^^^Di^v^^ + 2Im (v^^S^^^) + 2glm (^^V^'^^iV^?) 



In order to derive the 3D effective theory, we should substitute mode-expansions (jHUjl and 
fjlll|) into the above expression. Note that there are a lot of light modes in the gauge 
supermultiplet when the compactified radius R is large compared to the wall width. They 
will remain to be the dynamical degrees of freedom after the massive matter modes are 
integrated out. 

As a result, the interaction terms with the gauge supermultiplet can be obtained as 
follows. 




(113) 




(114) 




(115) 



'int 



(3) 



/< 



a Ui g(o)im V^x(o)P{o)^^'fx(o)) + 2^(0) Vx{o)P{o) V^xn 



00 



1=1 s=± 




+ Jd 6*2 g(o)im ^x(s))P(<d)^2Vx{0) ) + 2^(0) 'fx{o)P(s)) Vx(<d) 



00 



/Ttti l^i/^^^) (2) p. (2) \ t (2) (2) (2) (2) "1 

+ 1^1^ (l(ls) \ Vx{0)P{ls)^2<^X{0) ) + 9(0) Vx{0)P{ls)P{ii)'^X(0)] 



1=1 s=± 




, £(3) 



(116) 
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where g(o) = q/ \/2'kR is the 3D gauge couphng constant, and the other effective couphngs 
are defined as 

(lin+) = ydx2 MRjf(o) COS — = jdxa Mix(o) COS , 

9 f. 2 . nx2 9 2 ■ ^{^2 - T^R) 



- - [a 2 ■ 9 2 

^("-) = y^^2 Mrx(O) sm — = y= JdX2 Mix(O) 



sm 



/ 2\ _ 9 2 ^a;2 

O = /dX2 Mr v-rm COS COS 

V J{n+,m+) T^Rj R 

( 2\ - 9^ 2 ^^2 . 

[q ] = /dx2 Mr x(n\ COS sm 



(117) 



and jC'^^ denotes the SUSY breaking terms as follows. 

+^'7x5'(o) («x(o)-^i(o)V^ix(o) + ax(o)-^2(o)'^RX(o)) - 'iVxq{Q)i'RX{Q)V2{o)'ipix{o) 

+ ■■■, (118) 

where ellipsis denotes terms involving the Kaluza-Klein modes for the gauge supermulti- 
plet. 

The gaugino mass terms are induced at loop-level in this model. 



7 Summary and discussion 

We have provided a useful method for the derivation of the effective theory in a system 
where BPS and anti-BPS domain walls coexist. Although the corresponding field configu- 
ration Ac\{x2) is non-BPS, it can approximately be regarded as a BPS wall or an anti-BPS 
wall in the neighborhood of each domain wall. So the light modes localized on one of the 
walls form (approximate) supermultiplets for the corresponding 3D A/" = 1 SUSY. Due to 
the existence of the other wall, however, such approximate SUSYs are broken. Thus, the 
3D effective theory for this system consists of two parts; a super symmetric part described 
by 3D superfields and a SUSY breaking part. All parameters of the effective theory can 
be calculated systematically in our method. 

The SUSY breaking terms can be classified into two types. The first-type ones involve 
only modes localized on the same wall. Such terms are induced due to the deviation of 
the background from the BPS wall, which is mainly characterized by f/Ro(a^2) or ^^10(2^2) in 
Eq. fl42|l . Indeed, all parameters for such terms are expressed by overlap integrals involving 
Uro{x2) or Uio{x2)- The second-type ones are direct couplings between modes localized 
on the different walls. Both types of the SUSY breaking terms receive an exponential 
suppression in terms of the ratio of the wall distance ttR to the wall width A^.^^ In 

-'^^In the model discussed in Sect|Sl — k/A ~ 1/A. 
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particular, all SUSY breaking terms vanish at tree-level in the "thin-wall" limit, i.e. 
ttR/Xw — oo. This situation corresponds to the pseudo-supersymmetry discussed in 
Ref.|12j. In this limit, SUSY breaking is induced through the loop effects involving the 
bulk fields, such as the gauge field discussed in SectEl In the case that nR/Xw is finite, 
on the other hand, the tree-level terms of SUSY breaking discussed in this paper arise 
besides the loop-induced ones. It depends on the ratio tcR/Xw whether the tree- level ones 
dominate over the loop- induced ones or not. 

From the SUSY breaking mass terms calculated in our method, we have shown that 
maximal mixings occur between the bosonic zero-modes localized on the different walls, 
while the fermionic zero-modes remain to be localized on each wall. This means that 
oscillations will occur between the bosonic modes localized on the different walls^^. 

An effective theory on the domain wall can also be derived by using the nonlinear 
realization technique for the space-time symmetries. In particular, we can obtain an 
effective theory on a BPS wall by regarding the existence of the wall as the partial SUSY 
breaking [SHI- This method is powerful for the general discussion of the BPS walls because 
it uses only information on symmetries. The relation between this method and the mode- 
expansion method [2^1^] is discussed in Ref.|22j. Similarly, we can derive an effective 
theory on a non-BPS wall by the nonlinear realization method 128.,. Since the wall- 
antiwall system is non-BPS, we can apply this method to our case. However, the nonlinear 
realization method cannot respect a specific structure of the configuration, such as the 
wall-antiwall structure. Thus, in order to discuss the specific features of the wall-antiwall 
system, we have to take the mode-expansion method as we have done in this paper. If 
you would like to know the relation between our result and the result of Ref. [2H1, you 
should combine our method with the result of Ref. |27j. 

In this paper, we have concentrated ourselves on the case that the Kahler potential is 
minimal, for simplicity. An extension to the non-minimal Kahler case is possible, although 
the classical background Ac\{x2) and the mode functions cannot be obtained analytically 
in that case. Thus, the BPS-wall approximation discussed in SectlH is useful in such a 
case because solving the BPS equations (the first order differential equations) is much 
easier than solving the equations of motion (the second order differential equations) in 
the numerical calculation. 

When we introduce the matter fields, we must take care of the strength of the couplings 
between the matter and the wall fields. As we have demonstrated in SectlSJ a weak 
coupling between them leads to a tachyonic scalar mode in the effective theory. This 
means that the background field configuration is unstable unless the matter modes are 
strongly localized on the walls. Roughly speaking, if the matter modes are localized within 
the wall width A^, the background is stable. Therefore, the fat brane scenario Ej is 
allowed in the wall-antiwall system. Using the above tachyonic mode as the "Higgs" field, 
it might be possible to propose a new mechanism of symmetry breaking. 

In the superstring theory, it is well-known that BPS D-branes can be described by the 
kink solutions in the tachyon field theory [21]. In particular, a system where Dp brane 

-•^^This is a similar situation to the one in Rcf. 24 where the muhi-BPS-waU configurations are consid- 
ered. 
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and anti-Dp brane coexist is represented by a wall-antiwall solution in an effective field 
theory on a non-BPS D(p + l)-brane [221 • Thus, our method discussed here is useful in 
the discussion of the tachyon condensation |2S1 in the superstring theory. 

In order to construct a more realistic model, we have to investigate a wall-antiwall 
system in a 5D SUSY theory. However, 5D SUSY theories are difficult to handle because 
they have many SUSY (at least eight supercharges). In fact, 5D SUSY theories are 
required to be nonlinear sigma models in order to have a BPS domain wall P^], due to 
their restrictive forms of the scalar potential. However, our approach suggests how to 
derive the 4D effective theory for the wall-antiwall system, once we find a method for 
deriving an effective theory on a BPS wall in five dimensions. Expanding the discussion 
to the supergravity is also an interesting subject. 
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A Notations 

Basically, we follow the notations of Ref . [^0] for the 4D bulk theory. 

A.l Notations for 3D theories 

The notations for the 3D theories are as follows. 
We take the space-time metric as 

r/'"" = diag(-l,+l,+l). (119) 

The 3D 7-matrices, (7(^))(f , can be written by the Pauli matrices as 

7(3) = ^', 7(3) = -^^', 7(3)=^o^\ (120) 
and these satisfy the 3D Clifford algebra, 

{7(?)'7(3)} = -2^"^'- (121) 
The spinor indices are raised and lowered by multiplying cr^ from the left. 

^- = M.,^'' r = {<y'T%p. (122) 

We take the following convention of the contraction of spinor indices. 

^1^2 = <^2a = {(y^) = ^2^1. (123) 

\ / an 
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B Properties of Ac\{x2) 

Here, we collect some properties of the classical configuration Aci{x2). 
The equation of motion for the classical solution Aci{x2) is 

diA,, - W'{A,i)W"{A,i) = 0. (124) 

By multiplying d2Ac\{x2) with this equation, we will obtain 

ld2{\d2A,i\'-\W'iA,,)\'}=0. (125) 

This means that 

|a2Ael|2-|l^'(Ai)|2 = C, (126) 

where c is a real constant. In the case that Aci{x2) is a BPS wall configuration, we can 
see that c = from the BPS equation. For the wall-antiwall configuration, c is a tiny 
constant. Typically, it is exponentially suppressed by the wall distance irR. In the model 
discussed in SectO for instance, 

c= \] (1 - A;2) ~ 16^e--^^. (127) 
\9kJ r 

In particular, in the case of the real configuration mainly discussed in this paper, Eq. p26p 
can be rewritten as 

URoix2)Uio{x2) = VoUK(^o){x2)um{x2) = c. (128) 
Thus, c is related to 7] in Eq. (jH^ through 

c=^n. (129) 
Under the assumption (PT|) . the following relations hold. 

W"{A,1{X2 - TTi?)) = ~W"{A,,{X2)), 

W"{A,ii-X2)) = W^"(Ael(x2)), (130) 

W"'{A,i{x2 - TiR)) = TW"'{A,iix2)). (131) 

The upper sign in R.H.S. of Eq.((T3H) corresponds to the case that the configuration Ac\{x2) 
is stable, and the lower sign corresponds to the case of an unstable configuration, respec- 
tively. 

Thus, together with Eq.(j21I), we can obtain the following relation. 



[W"'{AMo] {X2 -nR) = - [W"'{A,,)Uno] (^2). (132) 
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